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We are interested in the existence of infinitely many positive non-radial solutions of a
Schrödinger–Poisson system with a positive radial bounded external potential decaying
at infinity.
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1. Introduction and main results
We outline in this Note the recent results obtained in [1]. More precisely, we consider the following nonlinear
Schrödinger–Poisson system−1u+ u+ V (x)φu = |u|p−1u, x ∈ R3,
−1φ = V (x)u2, x ∈ R3, (SP )
where p ∈ (1, 5) and V : R3 → R is a positive bounded radial function such that
(V) there are constantsm > 32 , θ > 0 such that
V (x) = 1|x|m + O

1
|x|m+θ

, as |x| → +∞.
This kind of problem has been introduced in [2] and arises in an interesting physical context. Since, for all u ∈ H1(R3),
the Poisson equation in (SP ) admits a unique and positive solution φu ∈ D1,2(R3), we can reduce ourselves to a single
equation which is variational in nature. Hence we look for critical points of the corresponding C2 one variable functional
I : H1(R3)→ R, defined by
I(u) = 1
2
∫
R3
|∇u|2 + |u|2 dx+ 1
4
∫
R3
V (x)φuu2 dx− 1p+ 1
∫
R3
|u|p+1 dx.
Our main result can be stated as follows:
Theorem 1.1. If V satisfies (V), then the problem (SP ) has infinitely many non-radial positive solutions.
To prove Theorem 1.1 we follow an idea of Wei and Yan [3] by constructing solutions with large number of bumps near
infinity.
✩ P. d’Avenia and A. Pomponio are supported by M.I.U.R. - P.R.I.N. ‘‘Metodi variazionali e topologici nello studio di fenomeni non lineari’’. G. Vaira is
supported by M.I.U.R. - P.R.I.N. ‘‘Variational Methods and Nonlinear Differential Equations’’.∗ Corresponding author.
E-mail addresses: p.davenia@poliba.it (P. d’Avenia), a.pomponio@poliba.it (A. Pomponio), vaira@sissa.it (G. Vaira).
0893-9659/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2010.12.002
662 P. d’Avenia et al. / Applied Mathematics Letters 24 (2011) 661–664
2. Sketch of the proof of Theorem 1.1
The proof of Theorem 1.1 relies on a Lyapunov–Schmidt reduction.
If |x| = r and since V (r) → 0 as r → +∞, the solutions of (SP ) can be approximated by using the solution U of the
following limit problem−1u+ u = up, in R3,
u > 0, u(x)→ 0, as |x| → +∞, (2.1)
which decays exponentially at infinity with its derivatives and which is also non-degenerate (see [4]).
For any positive integer k, let us define
Pj =

r cos
2(j− 1)π
k
, r sin
2(j− 1)π
k
, 0

∈ R3, j = 1, . . . , k,
with r ∈ Sk :=
m
π
− β k log k, m
π
+ β k log k , β > 0 small and zr(x) =∑kj=1 UPj(x), where UPj(·) := U(· − Pj).
If x = (x1, x2, x3) ∈ R3, we set
Hs =
u ∈ H1(R3)
u is even in x2, x3;
u(r cos θ, r sin θ, x3) = u

r cos

θ + 2π jk

, r sin

θ + 2π jk

, x3

j = 1, . . . , k− 1
 .
Let Zi,j = ∂UPi∂xj , i = 1, . . . , k and j = 1, 2, 3. Let us define
W :=

w ∈ Hs :
∫
R3
Up−1Pi Zi,jw dx = 0, i = 1, . . . , k; j = 1, 2, 3

and PW the orthogonal projection onto W . Our approach is to find first a solution w ∈ W of the auxiliary equation
PW I ′(zr + w) = 0 and then to solve the remaining finite dimensional equation, namely (I − PW )I ′(zr + w) = 0.
The following proposition concerns with the existence of a solution of the auxiliary equation.
Proposition 2.1. There exists an integer k0 > 0, such that for each k ⩾ k0, there is a C1 mapw : Sk → Hs, w = w(r), satisfying
w ∈ W and PW I ′(zr + w) = 0. Moreover, there is a small σ > 0, such that
‖w‖ ⩽ C
km−
1
2+σ
. (2.2)
Proof. Let us consider J(w) = I(zr + w),w ∈ W and expand it as follows:
J(w) = I(zr)+ I ′(zr)[w] + 12 I
′′(zr)[w,w] + Rzr (w)
= J(0)+ l(w)+ 1
2
⟨Lw, w⟩ + Rzr (w),
where
l(w) = I ′(zr)[w], ⟨Lw, w⟩ = I ′′(zr)[w,w],
and
Rzr (w) =
1
4
∫
R3
V (x)φww2 dx+
∫
R3
V (x)φwzrw dx
− 1
p+ 1
∫
R3
[
|zr + w|p+1 − zp+1r −
p(p+ 1)
2
zp−1r w
2 − (p+ 1)zprw
]
dx.
Since l(w) is a bounded linear functional inW , by Riesz Theorem there exists an lk ∈ W such that
l(w) = ⟨lk, w⟩.
Now we want to find a critical point of J , that is aw ∈ W such that
0 = J ′(w) = lk + Lw + R′zr (w). (2.3)
By standard arguments, we can prove that L := PW I ′′(zr) : W → W is invertible with the inverse uniformly bounded and
so we rewrite (2.3) in the following way
w = A(w) := −L−1lk − L−1R′zr (w).
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Thus the problem of finding a critical point of J(w) is equivalent to find a fixed point of A. To this end, let
B :=

w ∈ W : ‖w‖ ⩽ C
km−
1
2+σ

,
where σ > 0 is small.
Using the fact that there exists an integer k0 > 0, such that for each k ⩾ k0, there is a small σ > 0 such that
‖I ′(zr)‖ ⩽ C
km−
1
2+σ
(2.4)
and that L is invertible with the inverse uniformly bounded, we can prove that, for k sufficiently large, A(B) ⊂ B and A is a
contraction in B and so we conclude. 
Thus we can prove our main result.
Proof of Theorem 1.1. Let us define the reduced functional F : Sk → R such that, for all r ∈ Sk, F(r) = I(zr + w), where
w = w(r, k) is the unique solution of the auxiliary equation. By (2.2), (2.4) and since I ′′ maps bounded sets onto bounded
sets then
F(r) = I(zr)+ I ′(zr)[w] + 12 I
′′(ξ)[w,w] = I(zr)+ k · O

1
k2m+σ

,
where σ > 0 is small. Then, by making some computations, the reduced functional is given by
F(r) = k

C0 + B1r2m +
B2k log k
r2m+1
− B3
k−
i=2
∫
R3
UpP1UPi dx+ O

1
k2m+σ

,
where C0, B1, B2, B3 are positive constants. The problem
max {F(r) : r ∈ Sk} (2.5)
has a solution since F is continuous on a compact set. We have to show that this maximum is an interior point of Sk.
Let us denote with F¯ the function
F¯(r) := B1
r2m
+ B2k log k
r2m+1
− B3
k−
i=2
∫
R3
UpP1UPi dx.
Since
C1
e−
2πr
k
log k
⩽
k−
i=2
∫
R3
UpP1UPi dx ⩽ C2e
− 2πrk ,
if we define
F1(r) := B1r2m +
B2k log k
r2m+1
− B5e− 2πrk ,
F2(r) := B1r2m +
B2k log k
r2m+1
− B4 e
− 2πrk
log k
,
then, for k sufficiently large, F1(r) ⩽ F¯(r) ⩽ F2(r) in Sk and, moreover, we have
F¯
m
π
+ β

k log k

⩾ F1
m
π
+ β

k log k

> 0,
F¯
m
π
− β

k log k

⩽ F2
m
π
− β

k log k

< 0
and
F¯

m
π
+ β
2

k log k

− F¯
m
π
+ β

k log k

⩾
C
k2m log2m k
> 0.
Hence F¯ possesses a critical point (a maximum point) in the interior of Sk.
Finally it is easy to check that (2.5) is achieved by some rk, which is in the interior of Sk, and so we infer that rk is a
critical point of F(r). As a consequence, we can conclude that zrk + w(rk) is a critical point of I . This proves the existence
of infinitely many non-trivial non-radial solutions of (SP ). Actually, by standard arguments, we prove that these solutions
are also positive. 
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